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Vortex Simulation of a Three-Dimensional Reacting Shear
Layer with Infinite-Rate Kinetics

Omar M. Knio* and Ahmed F. Ghoniem~
Massachusetts Institute of Technology, Cambridge, Massachusetts (02139

The three-dimensional transport element method is extended to solve the conservation equations for reacting
flow. The numerical scheme belongs to an adaptive, Lagrangian class of field methods in which computational
effort is concentrated in zones of finite vorticity and chemical reaction. We use the low Mach number approx-
imation of combustion and restrict our attention to the case of diffusion flames with no heat release. A single-
step, second-order, infinite-rate kinetics chemical reaction model is employed. The scheme is applied to study
the effect of flow-induced instabilities on the reaction field in a temporal shear layer. Results are obtained in
the high Peclet number regime for a wide range of Damkohler numbers. Changes in the reaction field are
related to either the entrainment or the strain field associated with the saturation of the instabilities. With
increasing Damkohler number, the reaction region changes from a distributed zone embedded within spanwise
and streamwise vortices to a thin sheet surrounding their cores. The product concentration always exhibits
strong similarity to the vorticity distribution, realizing its highest values in zones of high vorticity and falling
rapidly in regions where the vorticity is small. Variation of the Peclet number yields minor changes in the
product distribution and in the reaction zone structure, but strongly affects product formation rates.

1. Introduction

HE subject of this work is the construction of Lagrang-

ian field methods for the numerical simulation of three-
dimensional, high Reynolds number, reacting shear flow. In
this fluid flow regime, vorticity is confined to a small well-
defined fraction of the flowfield making vortex methods, in
which computational elements are used to cover the support
of vorticity, a natural candidate for the solution of the mo-
mentum equation. In previous efforts,! * a modified vortex
element scheme was constructed and applied to study the
motion of upconfined, inviscid vortex rings. The study re-
vealed the need for 1) a careful representation of the vorticity
field at the initial state, and 2) an accurate implementation
of numerical schemes as time evolves. These requirements
are especially critical in three-dimensional flows where several
forms of rapidly growing instabilities of complex shapes are
present. To satisfy these requirements, and to accommodate
the solution of scalar conservation equations, an adaptive class
of Lagrangian field methods, called transport element meth-
ods, was constructed. A numerical study of several forms of
these methods, which focused on the solution of the inviscid
scalar transport equation, was successfully conducted in Refs.
4 and 5.

Although the ultimate goal of this work consists of the
construction of numerical methods for the solution of the
compressible, turbulent combustion equations, in this study
we limit our attention to the low Mach number, isothermal
flow limit. In the presence of an exothermic reaction, analysis
of burning rates is complicated by the expansion field and the
baroclinic vorticity generation spawned by the heat release;
the burning rates exhibit higher sensitivity to the strain field.
In a three-dimensional flow, these mechanisms are further
compounded by vorticity stretching, and individual effects
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become hard to isolate. By virtue of our simplifying assump-
tions, computed results will allow us to focus on studying the
deformation of the diffusion flame by a known flowfield.

The numerical scheme is obtained by modifying the trans-
port element method discussed in Ref. 5. It is based on the
discretization of both vorticity and species concentrations into
a number of transport elements of finite, spherically sym-
metric overlapping cores. Transport elements are distributed
over entire material surfaces whose motion is tracked in a
Lagrangian frame of reference. Vorticity associated with the
elements changes by stretching and tilting, whereas species
concentrations are updated by numerically accounting for dif-
fusion-reaction terms. The rotational velocity field is com-
puted by a discrete, desingularized Biot-Savart convolution
over the field of the elements. Boundary conditions are sat-
isfied by adding the contribution of the appropriate image
system of the transport elements.

The method is applied to study the evolution of chemically
reacting temporal shear layers. The flowfield is selected be-
cause of 1) its practical importance in a large class of com-
bustion problems, and 2) the existence of experimental®-!°
and analytical!!~1? results that focus on the three-dimensional
behavior of the flow. However, numerical studies of scalar
entrainment, mixing, and chemical reaction in three-dimen-
sional layers remain scarce.'> 1% Thus, the method is used to
study the effect of vorticity-induced entrainment and strain
on the evolution of diffusion flames. Computed results are
obtained for a wide range of Damkohler numbers in order to
study its effect on the structure of the reaction zone and
product distribution.

II. Formulation and Numerical Scheme

A. Formulation and Governing Equations

We consider a three-dimensional, chemically reacting flow
in the limits of infinite Reynolds number, vanishingly small
Mach number, and heat release. The reaction is described by
a single-step, second-order, infinite-rate kinetics, F (fuel) +
O (oxidizer) — P (products). The reactants and products are
assumed to behave as perfect gases with equal molecular
weights, and equal and constant physical properties. Under
these assumptions, the vorticity form of the momentum equa-
tion, the continuity, and species conservation equations, nor-
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malized with respect to the appropriate combination of ve-
locity U,, length L, and density p,, scales, reduce to
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where u = (u,v,w) denotes the velocity vector in a right-
handed Cartesian systemx = {x,y,z), @ = V-uis the vorticity,
t the time, D/Dr = 8/0t + u-V the material derivative, V =
(8/0x,0/9y,0/0z) the gradient operator, V2 the Laplace opera-
tor, Pe = Uy/(aL,) the Peclet number, Le = o/ the Lewis
number, and a and 8 denote the thermal and mass diffusiv-
ities, respectively. The model requires the transport of two
scalars, s' i = 1,2, where s' = ¢, denotes the oxidizer con-
centration, whereas s> = ¢, represents the fuel concentration.
The product distribution is given by ¢, = 1 — ¢, — ¢, and
chemical production term W = Dac,cr, where Dua is the
Damkohler number. Equations (1-3) are obtained by sim-
plifying the low Mach number equations for combustion for
vanishingly small heat release. The assumption of no heat
release implies that both temperature and density remain con-
stant, so that both baroclinic vorticity generation and volu-
metric expansion effects cancel in the vorticity transport equa-
tion. The model ignores viscous effects since viscosity only
affects the motion of the vorticity field well beyond the mixing
transition, a mechanism that is not in the scope of the present
computations. Mass diffusion effects are retained because they
govern the mixing and chemical reaction processes.'’

B. Numerical Scheme

The numerical scheme used in the solution of the governing
equations is obtained by extension of the methods analyzed
in previous work® and, hence, is summarized in the following.
Its construction starts with the discretization of the vorticity
field e(x) on a three-dimensional mesh:

N

w(x,0) = E w,(0) dV, fi(x — X)) (4)
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where N is the total number of vortex elements, and X;, dV,
and w, denote the center, volume, and vorticity of element i,
respectively. The vorticity associated with each element is
smoothed in a small neighborhood of X, according to a spher-
ical core function f; with core radius 8, where f5(r) = (1/8%)
f(r/8). A third-order Gaussian core function,

fin) = e ©)

is adopted.'®!? Note that f decays rapidly for r > 6 so that &
represents the radius of the sphere where vorticity is concen-
trated.

The vortex elements are initialized by employing entire
material surfaces distributed within the support of vorticity.
The surfaces are discretized into rectangular transport ele-
ments that generalize the notion of the vortex vector elements.
In this representation, a transport element is specified by the
vector (x!.x%.x?.x}), where the Lagrangian coordinates x!,
XZ, x3, and x? are used to define a rectangular area around
its center. The transport elements are selected such that the
sides of adjacent rectangles coincide to form a mesh that
continuously describes an entire material surface. This con-
struction resembles but differs from that proposed by Agish-
tein and Migdal® who used triangular elements to describe a
singular vortex sheet.
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Within each element, we use a finite element description
of the surface using linear interpolation functions.?! The mo-
tion of the centers of the elements y; is approximated by

x(0) = 3xH0 + X0 + X0 + x(0] (6)

where the yi(r), j = 1,2,3.4, denote the instantaneous coor-
dinate of the material particles whose Lagrangian coordinates
coincide with the vertices of the initial mesh. This represen-
tation accommodates the integration of the vorticity transport
equation, which is necessary in general flow situations,” but
retains the advantages of vortex element schemes, which re-
late the evolution of the vorticity field to the deformation of
vortex lines.*~*¢ Under the assumptions made earlier, the
latter approach is preferred since it results in considerable
computational savings as direct evaluation of the gradient of
the flow map is avoided. This is done by associating with each
element a circulation I'; and requiring that the pair of opposing
sides of the rectangles (x*,x*) and (x*,x?) align with the local
vorticity vector. The quantity w/(r)dV; is thus replaced by
I":8x:(t), where the evolution of the material length éxy.(f) is
given by

ax (1) = (@) + X0 - xi(@) - xi(0)] ™)

According to Kelvin’s theorem, I'; remains constant along a
particle path, whereas Helmholtz’s theorem is used to relate
the evolution of w,() to that of 8x,(r) as follows,

e (0)]

(t) - |5X!

oxi(0) (8)

The velocity field, induced by the vorticity distribution in
an infinite domain, is given by the discrete, desingularized
Biot-Savart law:

u, = i 2 riw K<ﬁ> 9)

where

k(r) = 4= er(r’) r2dr =1 — exp(—#)

and r, = |x — xJ|. The velocity field thus obtained is used in
conjunction with a second-order predictor-corrector scheme
to update the particle positions x/(f).

Analysis of particle methods,*-2¢ and numerical evidence®
indicate that severe deformation of the Lagrangian mesh under
the action of the strain field causes a deterioration in the
discretization accuracy. To overcome this difficulty, the re-
meshing algorithm suggested in Ref. 5 is utilized. It effectively
amounts to the redistribution of the elements along a vortex
tube and the splitting of the vortex tubes along material sur-
faces whenever the length of the elements exceeds the core
radius. This allows us to capture severe distortions of the flow
without losing accuracy.

The numerical solution of Eq. (3) is performed in a similar
way as that of the vorticity field. The concentration fields are
discretized among the transport elements, which now carry,
along with vorticity, discrete local values of s' and s?. We let

N

s(ed) = 2 s dV, fifx = x(0)] (10)

i=

Next, we adopt the discrete approximation of the Laplacian
operator:

N
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where

1 /x|
gs(x) = 7 g<~6-> (12)

and f is the core smoothing function previously defined.?” 3!
This scheme is preferred over random walk methods,* whose
implementation is cumbersome in conjunction with the trans-
port of connected surfaces, and over core spreading tech-
niques,** which no longer yield simple evolution equations
for the core radii. The evolution of the scalar concentration
fields is found by numerically integrating

__ld
g(r)——rdr’

ds; _
dt Pele

B(s)) + W (13)

using the same method employed in tracking the particle po-
sitions.

III. Flow Geometry and Initial Conditions

We assume a vorticity layer of finite thickness, periodic in
its streamwise x direction and spanwise y direction, and uncon-
fined in the cross-stream z direction. The thickness of the layer
is expressed by 20, where o is the standard deviation of the
second-order Gaussian curve, which describes the physical vor-
ticity distribution within the layer at t = 0. Letting {}(x) denote
this initial condition, we have Q(x) = 2/(oVm)exp(—
z¥o?), Q. (x) = Q.(x) = 0. The corresponding velocity dis-
tribution U(x) at t = 0 is given by V(x) = W(x) = 0, and
U(x) = erf(z/o), erf being the error function. The vorticity
layer thus admits a streamwise velocity difference AU = 2.
The periodicity length in the x direction, A, = 13.2 o, cor-
responds to the wavelength of the two-dimensional most un-
stable mode,'! whereas A, = A,/2 is selected close to the
wavelength of the most amplified three-dimensional mode.’?
The initial fuel and oxidizer concentrations follow error-func-
tion-type profiles, c,(t=0) = erf(z/o), c{r=0) = 1 — erf(z/
o), so that cx{(r=0) = 0. Thus, the top stream and bottom
streams consist, respectively, of oxidizer and fuel, and the
initial thickness of the vorticity layer matches the mixed zone,
or the zone of finite chemical activity.

The layer is initially discretized among elements distributed
on a grid of 20 x 14 X § points along the x, y, and z directions,
respectively. Furthermore, o is chosen as a reference length
scale so that Ax = Az = 0.66 and Ay = 0.471. The top stream
velocity, U(z — =), is selected as a reference velocity scale,
the time step Ar = 0.1, and 6 = 0.89. The circulations of the
elements are found by matching discretized and assumed vor-
ticity values at the centers of the elements, whereas the con-
centration fields s! and s? are initialized by associating with
the transport elements, the values realized by the correspond-
ing physical distribution at their centers. Normal, periodic
boundary conditions are satisfied by adding the contribution
of the image system of the transport elements, using the pro-
cedure detailed in Ref. 5.

The layer is perturbed at r = 0 using two sine waves of the
same amplitude in the streamwise and spanwise directions,
as expressed by the transformation z, — z; + esin(2mx/A,) +
esin(2ay/A,), € = 0.02 A,. Computations of the nonreacting
flowfield are carried until r = 18.0 to observe the growth of
two- and three-dimensional instabilities, whereas those of the
reacting flowfield are stopped at r = 16.0, i.e., when mature
vortical structures are formed. Results are obtained for a total
of 21 cases, assuming infinite Reynolds number, unit Lewis
number, and varying the Damkohler and Peclet numbers. We
consider seven values of the Damkohler number, Da = 0.1,
0.2,0.4,1.0,2.5,5.0, and 10.0, and three values of the Peclet
number, Pe = 250, 500, and 1000. In the following, we start
with a summary of the evolution of the flowfield and vorticity
field and then discuss the influence of the vortical structures
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on the shape of the reaction zone and the product concen-
tration distribution.

IV. Flowfield Evolution

The development of the shear layer, as represented by the
evolution of the material surfaces where the vorticity is non-
zero (the flow is inviscid), and the vorticity field on different
spanwise and streamwise locations are examined. Similar flow
configurations were analyzed by the present authors in Ref.
5, studied by Ashurst and Meiburg,”* who focused on the
dynamics of vortex filaments in both symmetric and asym-
metric layers, and by Metcalfe et al.,*> who used a spectral
scheme to examine the evolution of individual instability modes.
Hence, the main features of the flow are briefly discussed in
the following.

Figures 1 depict three-dimensional perspective views of the
material surface initially located at z = 0, and ¢t = 12.0 and
16.0. This represents the middle surface within the shear layer
where most of the vorticity is concentrated. The plots are

Fig. 1 Three-dimensional perspective view of the material surface
initially lying in the plane z = 0 at + = 12.0 and 16.0: x denotes the
streamwise direction; y the spanwise direction; z the cross-stream di-
rection; a constant y plane is called a spanwise section; a constant x

is called a streamwise section.
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generated from the point of view of an observer located at
(48,24,48).

At t = 12.0, the rollup of the vorticity layer produces a
well-defined spanwise eddy core. The saturation of the insta-
bility is associated with the redistribution of the vorticity field
and results in the creation of a core where most of the spanwise
vorticity is concentrated and braids, which are constantly
strained under the influence of the spanwise vortex cores. The
amplitude of the spanwise perturbation is significantly am-
plified along the core, an indication of the evolution of the
translative instability.'” This nonuniform axial displacement
of the core is accompanied by an out-of-phase deformation
of the braids region under the influence of the generated
streamwise vorticity.

Attt = 16.0, the motion becomes highly three dimensional
as differences along various spanwise stations become im-
portant and depart from the shape of the imposed sine-wave
perturbation. The stretching of the braids, which are anchored
along the boundaries of the domain and pulled toward the
core, leads to the generation and intensification of streamwise
vorticity. This results in the saturation of the streamwise vor-
ticity into vortex rods, which extend throughout the braids
and are wrapped around the spanwise core. The presence of
streamwise vortex rods is inferred from the spinning of ma-
terial surfaces about streamwise axes that are located at the
spanwise midsection and boundaries of the domain.

The Lagrangian description of the flow is completed by
considering two-dimensional cross sections of the computa-
tional surfaces. Figures 2 show cross sections through all of
the material surfaces at 1 = 18.0. We consider spanwise sec-

tions along two-dimensional planes specified by y = 3.3 (Fig.
2a) and y = 1.6 (Fig. 2b) and streamwise sections through
the core and braid regions in the planes located at x = 6.6
(Fig. 2¢) and x = 2.0 (Fig. 2d). Circles are drawn to mark
the intersection points with the transport elements. The radius
of the circles is smaller than the core radii of the smoothing
functions.

The spanwise cross sections illustrate the effect of the trans-
lative instability, which causes a nonuniform axial deforma-
tion of the spanwise vorticity core. The eddy core is pushed
upward and in the direction of the top stream in the left half
of the domain, 0 <y < 3.3, while it suffers an antisymmetric
deformation in the other half. The core region at most span-
wise cross sections loses its symmetry, as computational ele-
ments migrate in the direction opposite to that of the core
translation. The intersection of material surfaces with the plane
y = 3.3 shows that the braids thicken significantly at this
spanwise location and that they entrain irrotational fluid from
both free streams. This can be verified by simultaneously
examining Fig. 2c, which shows the wrapping of the mush-
rooms around the core of the eddy. The entrainment of mush-
rooms, which are generated in the braids, toward the core
region leads to the formation of a double structure. Dark
areas that appear along the core region correspond to the
intersection of the streamwise vortex rods with the plane of
the figure.

Figures 3—6 show constant spanwise vorticity contours, plotted
in two spanwise sections, y = 3.3 and 1.6, and streamwise
vorticity contours in the streamwise sections x = 6.6 and 2.0,
respectively. Contours are generated at times ¢+ = 12.0 and

a)y = 3.3, (AA)

b)y = 1.6, (BB)

B« ]

d)yx = 2.0, (DD)

Fig. 2 Intersection of the Lagrangian mesh at t = 18.0: a)y = 3.3; b)y = 1.6; ¢) x = 6.6; d) x = 2.0.
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Fig. 5 Contours of the streamwise vorticity e, shown in the y-z plane Fig. 6 Contours of the streamwise vorticity w, shown in the y-z plane

located at x = 6.6 at ¢t = 12.0 and 16.0. located at x = 2.0 at t = 12.0 and 16.0.



110 O. M. KNIO AND A. F. GHONIEM

16.0. At earlier times, the vorticity field exhibits small devia-
tions from that obtained in a two-dimensional flow and, hence,
is not depicted. The growth of three-dimensional perturba-
tions is suppressed during the initial stages of the Kelvin-
Helmbholtz instability, and the spanwise vorticity remains es-
sentially uniform across the layer.’3*3% Weak streamwise
structures are generated by local tilting of the vortex lines
into the streamwise direction, but do not significantly affect
the evolution of the flow. This mechanism leads to the cre-
ation of zones of alternating streamwise vorticity whose lo-
cations and signs foliow the shape of sine-wave perturbation.

Following the rollup of the spanwise vorticity, the flowfield
undergoes a rapid transition to three-dimensional motion. In
the braids region, a violent increase in the amount of stream-
wise vorticity is observed. The streamwise structure almost
doubles in strength in half the time span it took to generate
it. This behavior is expected since the creation of the large
spanwise eddy results in larger strain rates in the neighbor-
hood of the stagnation lines that anchor the braids.

In the meantime, the streamwise vorticity distribution along
the core becomes distinguished by the presence of a top and
a bottom row of counter-rotating streamwise vortices. These
rows are separated by a third, middle row, which is generated
as a result of the growth of perturbations along the core itself
by the mechanism of the translative instability and is 180 deg
out of phase with the other two.** The growth of perturbations
along the core leads to a more dramatic increase of the stream-
wise vorticity as the middle row of vortices becomes stronger
than the top and bottom rows. The generation of strong
streamwise structures in the core region is not associated with
large-amplitude deformation in the streamwise direction. This
may be explained by noting that the rollup of the layer, which
precedes the three-dimensional motion, forces the migration
of the spanwise vorticity from the thinning braids into the
core region. Also note that the intensification of the stream-
wise vortices, entrained from the braids into the cores (the
top and bottom rows), lags that observed in the braids. Thus,
streamwise vorticity associated with the vortex rods is gen-
erated in the braids and then strained toward the cores.

The transition to three-dimensional motion, in its initial
stage, does not lead to significant qualitative modification of
the structure of the layer as perceived in two-dimensional
spanwise cuts. The spanwise vorticity distribution still bears
a striking resemblance to that observed in a two-dimensional
flow. However, we note two minor differences: 1) the vortex
core suffers a reduction of its cross section, although it is
essentially governed by the dynamics of the primary insta-
bility; and 2) the vorticity distribution loses its symmetry in
the plane located at y = 1.6, but remains symmetric at the
spanwise midsection of the domain y = 3.3. The first effect
is a consequence of the growth of the three-dimensional per-
turbation on the spanwise core, which necessitates a stretch
component along its axis. The loss of symmetry, which be-
comes more obvious in the later stages of development of the
three-dimensional instability, is discussed later.

The nonlinear stages of evolution of the three-dimensional
instability are examined first in the streamwise planes of the
shear layer, Figs. 5 and 6. The stretching of the vorticity lines
along the braids leads to the maturation of the elongated
vortices into round concentrated cores.*-” The flowfield in-
duced by the vortex rods causes further deformation of the
material surfaces in a spinning motion around their centers
and the generation of mushroom structures similar to those
experimentally observed.®~!° The streamwise vorticity in the
core region also intensifies. Figure 5 shows the presence of
three rows of vortices. The top and bottom rows, character-
ized by almost circular cores, are associated with the entrain-
ment of vortex rods generated within the braids around the
spanwise core, whereas the middle row, generated by the
deformation of the core, has elliptical-like eddies with their
major axes at 45 deg with respect to the spanwise direction.
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The three-dimensional flowfield induced by the amplifi-
cation and maturation of three-dimensional instabilities leads
to significant spanwise variations. The asymmetry in the vor-
ticity distribution originates from the nonuniform displace-
ment of the vorticity cores at different spanwise locations.
The center of the core moves in the opposite direction to that
of its outer radial stations that define the boundaries. This is
in agreement with the results of the three-dimensional linear
stability theory of the developed vorticity layer, which predicts
a translative instability of the cores in the manner described
earlier.”?

The core deformation resembles that observed in the ev-
olution of the eigenfunctions of the linear stability problem
of vortex rings,* which predicts a similar behavior for locally
curved vortex cores. Detailed analysis of the associated fluid
motion® shows that this results in preferential entraiment of
irrotational fluid from the freestreams.'® When the core is
displaced upward (0 < y < 3.3), it entrains more fluid from
the bottom stream, whereas the cores that are pushed down-
ward consist mainly of the top stream fluid.

The asymmetry is not present at the spanwise midsection
of the domain where the curvature of the eddy vanishes.
However, the spanwise vorticity core appears to be formed
of two distinct eddies, a configuration that resembles, but is
different from, the two-dimensional pairing of vortices. This
type of distribution should be contrasted with that obtained
in unstable vortex rings, which displays similar features at
certain azimuthal cross sections.?

V. Reacting Shear Layer

We turn our attention to the study of diffusion flames in
three-dimensional vorticity layers. Since heat release effects
are neglected, temperature and density remain constant and
the reaction does not affect the flowfield. Results are used to
analyze the effect of vorticity-induced entrainment and strain
on the reaction zone, product distribution, and burning rates.
We start with a reacting layer at low Damkohler number and
low diffusion, Da = 0.1 and Pe = 1000, then at high Damkoh-
ler number and low diffusion, Da = 10 and Pe = 1000.

Results are shown in terms of shaded contours of product
concentration and product formation rate W. Product con-
centration is shown in terms of six different shades of gray,
mapped to equal size intervals between 0 and 1. The product
formation rates are first normalized by the maximum value
achieved in the plane where the figure is generated, before
the contours are drawn. In these plots, dark areas highlight
the zone of highest chemical activity and must not be used as
indication of the actual formation rates.

A. Reacting Layer at Low Damkohler Number

Figures 7—10 show product concentration and reaction rate
contours in the planes y = 3.3 and 1.6 and x = 6.6 and 2.0,
respectively, generated at + = 12.0 and 16.0. In each figure,
product concentration and reaction rate contours are shown
side by side. At earlier stages, + = 8.0, examination of the
reaction field (not shown here) exhibits small differences from
those one obtains in a two-dimensional field.>**° The products
of reaction and the zone of highest chemical activity surround
the region of highest vorticity. Three-dimensional effects are
weak in this stage and can only be detected along the stream-
wise sections, which show very small spanwise undulations of
the layer.

With the intensification of the streamwise vortices in the
braids and the amplification of the translative instability in
the cores, significant deviations from two-dimensional be-
havior are observed. Aty = 3.3, the streamwise vortex rods
that start to form at the boundaries of the domain enlarge
the product concentration layer at this location. As shown in
Fig. 7b, enlargement of the layer is a consequence of burning
enhancement, associated with the rollup of the surfaces around
the streamwise vortices. This is contrary to the result of two-
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i=16.0

a) b)

Fig. 7 Contours generated in the x-z plane located at y = 3.3 at { = 12.0 and 16.0 for a reacting layer with Da = 0.1 and Pe = 1000: a) product
concentration; b) reaction rate.

t=120

16.0

t

a) b)

Fig. 8 Contours generated in the x-z plane located at y = 1.6 at = 12.0 and 16.0 for a reacting layer with Da = 0.1 and Pe = 1000: a) product
concentration; b) reaction rate.
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dimensional simulations in which the strain field of the span-
wise vortex cores leads to continuous thinning of the product
layer embedded within (or surrounding) the braids.*

However, the thinning of the braids and the entrainment
of products toward the spanwise vortex core are still observed
in the spanwise section y = 1.6, which does not intersect any
streamwise vortex rod. Meanwhile, the products of reaction
undergo a displacement similar to that of the vorticity core
(Fig. 8a). The translation of the core toward the top stream
and the migration of its geometric center in the opposite di-
rection destroy the symmetry of the product concentration.
The asymmetric mixing patterns associated with this mecha-
nism also affect the reaction rate distribution (Fig. 8b) since
the reaction rate, which depends strongly on the composition
of the reacting mixture, drops rapidly if either oxidizer or fuel
become deficient. This description survives the restructuring
of the vorticity core by the maturation of three-dimensional
instabilities, so that the reaction rate and product concentra-
tion distributions at this section are in qualitative agreement
with the results of two-dimensional simulations.*’

The difference between the two sections is directly related
to the streamwise vorticity. The presence of streamwise vortex
rods leads to mixing and combustion enhancement, a mech-
anism that resists the negative effects of the underlying two-
dimensional strain field. Not only do the streamwise vortex
rods lead to mixing enhancement via entrainment, but also
maintain high product concentration near their axes (Fig. 7a).

In the streamwise sections, the product concentration changes
from a wavy layer across the span into a highly concentrated
distribution embedded within the cores of the streamwise vor-
tices. The streamwise vortex rods generate mushroom struc-
tures in the braids. With the intensification of the streamwise
vorticity in concentrated cores (t = 16.0), the field of the

=120

t

t=16.0

a)

Fig. 9 Contours generated in the y-z plane located at x = 6.6 at ¢t =
12.0 and 16.0 for a reacting layer with Da = 0.1 and Pe = 1000: a)
product concentration; b) reaction rate.
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vortices causes severe thinning of the “‘braids” joining neigh-
boring rods which almost become devoid of products. These
transverse entrainment currents are best appreciated by si-
multaneously examining Figs. 10a and 10b, which indicate
that the depletion of products occurs despite high reaction
rates in regions separating the streamwise eddies. Thus, the
strain and entrainment fields tend to reshape the structure of
the product concentration such that high product concentra-
tion coincides with high concentration of vorticity and falls
rapidly as one moves into zones of small vorticity.

The effect of the translation of the spanwise core on the
product and reaction rate distributions is inspected in Figs.
9. At early stages, t = 8.0, combustion occurs in an almost
uniform layer across the span. Initial growth of the translative
instability causes a wavy deformation of the reaction zone and
of the region of high product concentration. The distribution
of the latter is complicated by the entrainment of the braids,
which trap layers of unburnt fluid on the top and bottom sides
of the deformed core. At later stages, the maturation of the
three-dimensional instabilities yields distributions of even higher
complexity.

The entrainment of mushroom structures formed in the
braids toward the cores remains easy to detect. Within these
structures, zones of high product coincide with the axes of
the corresponding vortex rods while, as expected, reaction
rates remain high across the span. The deformation associated
with the maturation of the translative instability is harder to
analyze, as the core of vorticity crosses the plane of the figure.
The streamwise vortices induce a spinning motion that en-
hances the chemical reaction (Fig. 9b) so that their axes be-
come zones of high product concentration. The motion in-
duced by these vortices, visualized by the redistribution of
the reaction zone, resembles the deformation that accom-

t=12.0

t=16.0

a) b)

Fig. 10 Contours generated in the y-z plane located at x = 2.0 at
t = 12.0 and 16.0 for a reacting layer with Da = 0.1 and Pe = 1000:
a) product concentration; b) reaction rate.
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Fig. 11 Contours generated in the x-z plane located at y = 3.3 at f = 12.0 and 16.0 for a reacting layer with De = 10 and Pe = 1000: a) product

concentration; b) reaction rate.

a)

t=12.0

t=16.0

b)

Fig. 12 Contours generated in the x-z plane located at y = 1.6 at t = 12.0 and 16.0 for a reacting layer with Da = 10 and Pe = 1000: a) product

concentration; b) reaction rate.
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panies the formation of the vortex rods and can be predicted
by the streamwise vorticity distribution shown in Fig. 5. Inter-
pretation of the product and reaction distributions shown in
Fig. 9 requires examination of several sections simultane-
ously. Such an exercise might be conducted by comparing the
distributions of Figs. 8 and 9 with the motion of material
particles shown in Figs. 2c and 2b. The comparison yields a
clear illustration of the motion of the core of vorticity and of
the transverse diffusion fluxes associated with the growth of
three-dimensional instabilities.

B. Reacting Layer at High Damkohler Number

We now consider the evolution of the reaction field for a
three-dimensional layer at high Damkohler and Peclet num-
bers, Da = 10 and Pe = 1000. As in the previous section,
the analysis is conducted by plotting the product concentration
and normalized reaction rate contours in spanwise and stream-
wise sections, as can be seen in Figs. 1114, respectively. In
each figure, snapshots of the corresponding variables are shown
at ¢ = 12.0 and 16.0.

Comparison of Figs. 11a, 12a, 13a, and 14a with their re-
spective counterparts, Figs. 7a, 8a, 9a, and 10a, reveals that
the increase in the Damkohler number does not change the
structure of the product distribution. Despite high reaction
rates, products are reorganized by the flow in such a way as
to force a correspondence between zones of high vorticity and
high product concentration. This similarity is in agreement
with the results of two-dimensional computations.*-*

At low Damkohler number, a small reaction rate confines
the reaction zone to the initial well-mixed region. At high
Damkohler number, the reaction zone undergoes a change
as the flow evolves, from a region inside the large cores/rods
to a thin zone around their outer boundaries. This is expected
since fast reaction rates lead to complete combustion in well-

=12.0

1

=16.0
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a) bj

Fig. 13 Contours generated in the y-z plane located at x = 6.6 at
t = 12.0 and 16.9 for a reacting layer with Da = 10 and Pe = 1000:
a) product concentration; b) reaction rate.
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mixed zones and, therefore, to the migration of the reaction
zone to reactants-rich regions.

As shown in Fig. 11b, the product concentration reaches
values close to one inside the core of the spanwise eddy.
Similarly, the section located at y = 1.6, shown in Fig. 12b,
indicates that the reaction rate drops first at the center of the
eddy. At late stages, the reaction zone migrates toward the
outer edges of the eddy core. Burning takes place in thin
regions located around the outer edges of the core of vorticity,
whereas little or no reaction occurs within the core. A similar
redistribution of the reaction zone is observed in the spanwise
plane y = 3.3. However, this effect is less pronounced near
the spanwise core, and the braids continue to support the
chemical reaction. The difference between the two sections
is related to the presence of streamwise vortices whose stirring
action results in enhanced transverse diffusion fluxes.

The mechanisms by which the streamwise vortices enhance
the rate of burning differ between the core and braid regions.
Within the core, streamwise vortices, generated by the de-
formation of the core itself, cause a spinning motion that is
weakly affected by the underlying two-dimensional flow. This
results in a limited enhancement in burning rates within a
large, product-dominated zone. On the other hand, despite
the presence of streamwise vortex rods within the braids, the
strain field associated with the underlying two-dimensional
flow prevents the formation of a thick product region. Hence,
high product concentrations and high reaction rates coexist
in this region.

The streamwise sections of Figs. 13b and 14b provide an-
other view of the evolution of the reaction zone in the span-
wise direction. At t = 12.0, the deformation of the product
interfaces is dictated by the growth of three-dimensional insta-
bilities. Combustion occurs in two thin layers enclosing the
spanwise vorticity core and in the braids that start to roll under

t=12.0

t=16.0

a) b)

Fig. 14 Contours generated in the y-z plane located at x = 2.0 at
t = 12.0 and 16.0 for a reacting layer with Da = 10 and Pe = 1000:
a) product concentration; b) reaction rate.
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the action of the streamwise vortex rods. At later stages, the
reaction becomes confined to the core of the vortex rods and
a thin layer trapped between the braids and the core region.
The region of lowest reaction rate, located within the spanwise
core, corresponds to a zone of small streamwise vorticity sep-
arating neighboring vortices. On the other hand, cross sec-
tions of the braids shown in Fig. 14b confirm our earlier claim
regarding the competing influence of the streamwise vortex
rods and of the two-dimensional strain field. Despite the ex-
treme thinning of the braids by the strain field of the spanwise
core, and the continuous entraiment of the products of re-
action, the braids support high reaction rates and high product
concentration near the axes of the vortex rods.

C. Total Mass of Products
The evolution of the total mass of products formed,

M) = ijP dx = X pep, dV,

is shown in Figs. 15 for all 21 cases considered. Figures 15
contain three plots corresponding to Pe = 1000 (Fig. 15a),
Pe = 500 (Fig. 15b), and Pe = 250 (Fig. 15¢), each showing
changes in M(r) for seven values of the Damkohler number,
Da = 0.1, 0.2, 0.4, 1.0, 2.5, 5.0, and 10. Variations in the
Peclet number are found to induce minor changes in the prod-
uct and reaction zone structures. Thus, at high Peclet num-
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Fig. 15 Evolution of the total mass of products M(f) for reacting
shear layers: a) Pe = 1000; b) Pe = 500; ¢c) Pe = 250.
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bers, the latter are mainly governed by the convective flow-
field. However, the reaction rates are strongly dependent on
the amount of mixing and, hence, on the coefficients of mass
diffusion.

At a high Damkohler number, the chemical reaction leads
to an almost immediate and complete burning of the initial
mixed region. Curves corresponding to Da = 2.5 are charac-
terized by a short and sharp initial growth period, which does
not depend on the Peclet number. This is expected because,
for fast chemistry, regions of mixed reactants burn immedi-
ately. An abrupt transition to a controlled growth regime
follows, indicating that a diffusion-limited reaction is reached.”!
The buring rates in this regime increase with decreasing Peclet
numbers, as indicated by the slopes of the corresponding M(r)
curves at later stages between Figs. 15a—c.

At low values of the Damkohler number, Da = 0.4, the
chemical reaction is too slow for such a transition to occur.
The evolution of M(r) exhibits a monotonic increase through-
out the duration of the computations. As previously men-
tioned, the reaction remains confined to the initial mixed
region. This observation is supported by noting that the mass
of products formed at the end of the computations at low
Damkohler number is less than that reached at the time of
the transition to diffusion-limited regime in the high Damkoh-
ler number computations. This explains the fact that, at late
stages, the burning rates at low Damkohler number are higher
than those at high Damkohler number and that gains in the
amount of products formed achieved by decreasing the Peclet
number are smaller when the Damkohler number is small.

VI. Conclusions

In this work, the evolution of reacting shear layers are
numerically determined in the high Peclet number regime for
a wide range of Damkohler numbers. Computed results show
that the product distribution is shaped by the convective field
induced by spanwise and streamwise vortex structures that
form due to the growth of essential instability of the flow.
The rollup of spanwise vorticity leads to the creation of con-
centrated vortex cores and braids that join neighboring cores.
Entrainment currents associated with these structures force
the migration of products from the braids toward the cores
while their induced strain field causes a severe thinning of the
braids and of the reaction zone supported therein. However,
streamwise vortices, which are generated as a result of growth
of three-dimensional instability and are intensified by stretch,
significantly affect the flow at later stages, resulting in sub-
stantial deviation from the two-dimensional situation.

The maturation of the streamwise vortices into strong
streamwise rods and the amplification of the translative in-
stability are accompanied by spanwise variations in the re-
acting field and the formation of mushroom structures. Mixing
and burning enhancement is achieved through the transverse
entrainment fluxes. The entrainment fluxes cause a reorgan-
ization of the product distribution such that zones of high
product concentration always correspond to zones of high
magnitude of vorticity. Thus, products tend to migrate toward
the core of the spanwise vortices and toward the axes of the
streamwise vortex rods.

Although the product distribution is dictated by the flow
and is insensitive to variation of the Damkohler number, the
structure of the reaction zone depends strongly on the latter.
At low Damkohler number, combustion occurs in distributed
zones located within the cores of the vortices and is confined
to the initial, well-mixed region. As the Damkohler number
increases, complete combustion is achieved within the cores
of the vortices, thus causing a migration of the reaction zone
toward their outer edges. The motion of the reaction zone
toward regions of higher strain rates results in a substantial
change in its structure as considerable thinning of the latter
is observed. Extension of the computations to study pairing
among several eddies and to accommodate high heat release,
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compressible flow models with complex chemical reactions,
is currently contemplated.
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